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Understanding the interplay between magnetism and superconductivity is one of the central issues in con-
densed matter physics. Such interplay induced nodal structure of superconducting gap is widely believed to be
a signature of exotic pairing mechanism (not phonon mediated) to achieve unconventional superconductivity,
such as in heavy fermion, high Tc, and organic superconductors. Here we report a new mechanism to drive
the interplay between magnetism and superfluidity via the spatially anisotropic interaction. This scheme frees
up the usual requirement of suppressing long-range magnetic order to access unconventional superconductivity
like through doping or adding pressure in solids. Surprisingly, even for the half-filling case, such scheme can
lead the coexistence of superfluidity and antiferromagnetism and interestingly an unexpected interlayer nodal
superfluid emerges, which will be demonstrated through a cold atom system composed of a pseudospin-1/2
dipolar fermi gas in bilayer optical lattices. Our mechanism should pave an alternative way to unveil exotic
pairing scheme resulting from the interplay between magnetism and superconductivity or superfluidity.
Searching for unconventional superconductors or superflu-
ids and exploring their exotic pairing mechanism are some
of the main themes in condensed matter physics [1]. In
high temperature superconductors such as cuprates, heavy
fermion intermetallic compounds and iron-pnictides, antifer-
romagnetism and superconductivity are two key phenom-
ena [2–7]. Understanding the interplay between magnetism
and superconductivity plays essential role for unveiling the
unusual pairing mechanism of high temperature superconduc-
tivity, like spin-charge separation and RVB scenario [8, 9].
However, for most unconventional superconductors, to un-
ambiguously determine the detailed superconductivity mech-
anism like probing from the nodal gap structure is still an un-
resolved issue in solid state materials [10]. Besides the con-
tinuously growing efforts to study the interplay between mag-
netism and superconductivity in solids, there have been great
interests of simulating unconventional superconductors and
their exotic pairing mechanism in electronic systems via the
cold atom based system in both experimental and theoretical
studies, motivated by the recent experimental advances to cre-
ate tunable interacting ultracold gases in optical lattices [11–
20]. Such highly controllable atomic systems will not only
provide a versatile tool for simulating electronic systems, but
also supply new probabilities to unveil new pairing scheme
resulting from the interplay between magnetism and superflu-
idity with no counterpart in solids. One of the exciting exper-
imental progress along this line is the realization of antifer-
romagnetism in optical lattices [21–23]. However, to further
investigate the interplay between magnetism and superfluidity
desires future experimental breakthroughs, in particular like to
suppress heating and lower the temperature of the system [24].
Here we report the discovery of a new mechanism to drive
the interplay between antiferromagnetism and superfluidity.
The key idea here is to engineer the spatially anisotropic in-
teraction through the special geometry of the system. Sur-
prisingly, the anisotropic interaction induced coexistence of
∗Electronic address: liubophy@gmail.com
superfluidity and antiferromagnetism can even occur for the
half-filling case, dramatically distinguished from the previ-
ous studies like in heavy fermion or high Tc superconduc-
tors where the superconductivity will not emerge without the
suppression of long-rang magnetic order [25, 26]. Further-
more, an unexpected nodal superfluid appears resulting from
the interplay between antiferromagnetism and superfluidity
here. To illustrate such an idea, we choose a specific cold
atom system of a dipolar Fermi gas in bilayer optical lattices
as an concrete example in this work. It is motivated by the
recent rapid experimental progress in both magnetic dipolar
atoms (such as 167Er [27, 28] and 161Dy [29, 30] atoms) and
polar molecules [31, 32]. It stimulates tremendous interests in
exploring dipolar effects in many-body quantum phases [33].
In particular, resulting from the anisotropic effect of dipole
interaction, various exotic superfluids have been predicted in
spinless or multicomponents dipolar fermi gas at low temper-
atures, such as a p-wave superfluid with the dominant pz sym-
metry, Weyl superfluidity [34], p + ip superfluids in a sin-
gle 2D plane [35–37] and the interlayer superfluidity in a bi-
layer or multilayer system [38–40]. As we shall showwith the
model below, the anisotropic dipole interaction induced inter-
play between antiferromagnetism and superfluidity can lead
to other unexpected results.
Effective model — In order to design the spatially
anisotropic interaction, which is the crucial ingredient in our
newmechanism to drive the interplay between magnetism and
superfluidity, let us consider a gas of interacting pseudospin-
1/2 dipolar fermi atoms loaded in two parallel 2D optical lat-
tices as shown in Fig. 1. In both two layers, we consider the
same lattice potential VOL(r) = −V [cos2(kLx)+cos2(kLy)],
where kL is the wavevector of the laser field and the corre-
sponding lattice constant is defined as a = pi/kL. Through
applying an external magnetic (electric) field to align all the
magnetic (electric) dipole moments along the same direction
which is perpendicular to the layers, a specially anisotropic
interaction among dipolar atoms can be engineered through
such a bilayer geometric configuration. To be more specific,
atoms in different layers attract each other at short range and
repel each other at large distance, while within the same layer
2the interaction is purely repulsive.
A system of interacting pseudospin-1/2 dipolar fermions
loaded in such a bilayer optical lattice can be described by the
following Fermi-Hubbard model in the tight binding regime
H = Hintralayer +Hinterlayer (1)
and
Hintralayer = −
∑
<i,j>
σ,s
t(c†iσscjσs + c
†
jσsciσs)
+
g
2
∑
i,σ,σ′,s
σ 6=σ′
niσsniσ′s
Hinterlayer =
1
2
∑
i,j,σ,σ′
s,s′,s6=s′
Vijc
†
iσsc
†
jσ′s′cjσ′s′ciσs
where ciσs is the annihilation operator for the fermionic dipo-
lar particle at lattice site Ri in s layer (s = 1, 2 labelling two
layers). < i, j > denotes a summation over nearest neighbors
in a single layer and σ(σ′) =↑, ↓ labels two species fermionic
dipolar particles. The onsite particle number operator for each
layer is defined as niσs = c
†
iσsciσs and t describes hopping of
fermions within one layer. Here we want to emphasize the
crucial role of the specially anisotropic interaction in our pro-
posal. Through adjusting the external field (e.g., dc electric
field), the interaction between two dipolar atoms within one
layer, i.e., intralayer interaction, can be tuned to be dominated
by the s-wave contribution [41–43]. Therefore, in the Hamil-
tonian Eq. (1), the intralayer interacting strength is captured
by g = g0
∫
dx |wiσs|2|wiσ′s|2, where g0 > 0 is determined
by the effective s-wave scattering length [41] and wiσs is the
Wannier function at lattice siteRi in s layer. Interestingly, due
to the bilayer geometric configuration considered here, the in-
teraction between two dipoles belonging to different layers,
i.e., interlayer interaction, has the form
Vi−j = d
2
r2ij − 2λ2
(r2ij + λ
2)
5
2
where rij ≡ |Ri−Rj| is the in-plane separation between two
dipoles, λ is the interlayer spacing and d is the dipole momen-
tum. Such interlayer interaction is attractive for rij <
√
2λ,
and repulsive at larger distance. In general, the intralayer re-
pulsion is expected to lead the antiferromagnetic Mott state
within each layer when considering half-filling, while the in-
terlayer attraction should cause Cooper pairing instability be-
tween different layers which can coexist with the background
antiferromagnetic state within each layer. Such a heuristi-
cally argued result is indeed confirmed by a self-consistent
calculation through the model in Eq. (1), to be introduced
below. It is not only strongly reminiscent of its counterpart
in strongly correlated electronic materials, such as in cuprate
superconductor, but more importantly, the interplay between
antiferromagnetism and superfluidity driven by the spatially
A
A
B
B
FIG. 1: Schematic picture of the bilayer optical lattice system.
Within each single layer, there is a gas of interacting pseudospin-
1/2 dipolar fermi atoms loaded in the same 2D square optical lattice
with the lattice constant a. Here the red and yellow balls attached
with up and down arrows stand for the pseudospin up and down
fermionic dipolar atoms, respectively. By assuming an external mag-
netic (electric) field applied, all the magnetic (electric) dipole mo-
ments are aligned along the same direction, which is perpendicular
to the layers (the dipole moment is not shown in the figure). λ is the
interlayer distance. To treat with the intralayer antiferromagnetism,
we decompose the square optical lattice within each single layer into
two sublattices A and B, where the pseudospins are aligned oppo-
sitely between A and B site.
anisotropic interaction will lead some unexpected properties
to be illustrated in the following.
Antiferromagnetic Mott parent within each layer — Let
us first discuss about the antiferromagnetic state within each
layer. As we known, at half filling and for large repulsion, the
model Hintralayer describing dipolar fermions within single
layer is expected to show antiferromagnetic order. Note that
here we focus on the case with the stronger intralayer interac-
tion compared to the interlayer counterpart, i.e., g ≫ |Vi−j |,
which allows us to start from the antiferromagnetic Mott par-
ent in each single layer to further address the influence of the
interlayer interaction. To study the intralayer antiferromag-
netic state, we decompose the square optical lattice within
each single layer into two sublattices A and B as shown in
Fig. 1, in such a way that all the neighbors of a site from sub-
lattice A belong to sublattice B and the spins align oppositely
at nearest neighbors between A and B sublattices. The anti-
ferromagnetic order can be described by the following order
parameter defined as ms ≡< ni↑s − ni↓s > for sublattice A
and correspondingly −ms for sublattice B. So the Hamilto-
nian Hintralayer in the momentum space describing the anti-
ferromagnetic state within each single layer can be expressed
as
Hintralayer =
∑
k,σ,s
εk(a
†
kσsbkσs + b
†
kσsakσs)
+
g
2
∑
k,s
[(1−ms)(a†k↑sak↑s + b†k↓sbk↓s)
+ (1 +ms)(a
†
k↓sak↓s + b
†
k↑sbk↑s)]
−
∑
s
Ngm2s
4
+
Ng
2
(2)
where akσs and bkσs are fermionic annihilation operators for
3sublattice A and B within s layer andN is the total number of
lattice sites. k-summation here is over the first Brillouin zone
of a sublattice, and εk = −2t(cos kxa + cos kya). We then
introduce the quasi-particle operators which are given by
αk↑s = uksak↑s + vksbk↑s
αk↓s = uksbk↓s + vksak↓s
βk↑s = uksbk↑s − vksak↑s
βk↓s = uksak↓s − vksbk↓s (3)
where the coefficients are
u2ks = 1− v2ks
=
1
2
(1 +
gms
2Eks
)
with Eks =
√
ε2k + (
gms
2
)2 . So the Hamiltonian in Eq. (2)
can be diagonalized by a standard canonical transformation
via the quasi-particle operators defined above
Hintralayer =
∑
k,σ,s
[(
g
2
− Eks)α†kσsαkσs
+ (
g
2
+ Eks)β
†
kσsβkσs]
−
∑
s
Ngm2s
4
+
Ng
2
(4)
It is worth noting that the quasi-particles form four bands
(doubly degenerated with respect to pseudospin) in each sin-
gle layer with energies given by E±ks = ±
√
ε2k + (
gms
2
)2.
When considering half-filling case within each layer, it forms
the antiferromagnetic Mott parent mimicking its counterpart
in electronic materials such as cuprate, which is the starting
point to discuss the superfluid instability between different
layers as illustrated below.
Emergent interlayer nodal superfluidity — We now begin
to investigate the interlayer interaction induced superfluidity
arising from the antiferromagnetic Mott parent within each
single layer. As described above, in order to deal with the an-
tiferomagnetism within each layer, we divide the square opti-
cal lattice into two sublattices A and B. Therefore, it is natural
to rewrite the interlayer Hamiltonian Hinterlayer in terms of
the operators defined on the sublattices as follows
Hinterlayer =
∑
k,k′,q
σ,σ′,s,s′
s6=s′
Vq
N
(a†k+qσsa
†
k′−qσ′s′ak′σ′s′akσs
+ a†k+qσsb
†
k′−qσ′s′bk′σ′s′akσs
+ b†k+qσsa
†
k′−qσ′s′ak′σ′s′bkσs
+ b†k+qσsb
†
k′−qσ′s′bk′σ′s′bkσs)
where the momentum-summation is over the first Brillouin
zone of the sublattice, and
Vq =
∑
m
Vm exp(−iq · rm)
is the Fourier form of the interlayer interaction Vi−j . Through
the canonical transformation defined in Eq. (3), the inter-
layer Hamiltonian Hinterlayer can be further expressed via
the quasi-particle operators. From the analysis in the previous
section, we know that the long-range antiferromagnetic order
makes the system to form four bands in each single layer.
When considering half-filling case, only the two lowest en-
ergy degenerated bands are filled with fermions and the other
two are empty. Therefore, to study the interlayer interaction
induced superfluidity here, we can just consider the Cooper
pairs formed via the dipolar fermions in different layers both
from the two lowest energy degenerated bands of each single
layer. Then the order parameter of the interlayer superfluid
state can be defined as
∆σ′σ(k) =
∑
νk′
1
N
fνkk′Vkk′ < α−k′σ′s′=2αk′σs=1 >
(5)
where < . . . > means the expectation value in the ground
state. The k′-summation here is over the first Brillouin zone
of the sublattice and ν-summation runs over the following co-
efficients
f1kk′ = uksuks′uk′s′uk′s + uksvks′vk′s′uk′s
+ vksuks′uk′s′vk′s + vksvks′vk′s′vk′s
f2kk′ = uksuks′vk′s′vk′s + vksvks′uk′s′uk′s (6)
Interestingly, from Eq. (5) we can find that the antiferromag-
netic Mott parent within each single layer will effectively
modify the bare interlayer interaction Vi−j through the term
fνkk′ . Surprisingly, it will lead a special nodal structure of the
interlayer superfluid gap, which will be illustrated below.
We can also express the magnetic momentum ms within
each single layer determined by
ms =
2
N
∑
k
< a†k↑sak↑s − a†k↓sak↓s > (7)
in terms of the quasi-particle operators defined in Eq. (3).
Here < . . . > also means the expectation value in the ground
state and the k-summation is over the first Brillouin zone of
the sublattice. Then the order parameter of the interlayer
superfluid state ∆σ′σ defined in Eq. (5) together with the
magnetic momentum ms constructed in Eq. (7) can be self-
consistently determined through the Bogoliubov transform to
diagonalize the Hamiltonian in Eq. (1) under the mean-field
approximation.
Through numerically solving the Eq. (7) together with
Eq. (5) self-consistently to compute the ground state of Hamil-
tonian in Eq. (1), the zero temperature phase diagram of the
system is obtained as shown in Fig. 2. There are two dif-
ferent phases in the phase diagram, which consists of an an-
tiferromagnetic Mott state and the coexistence of interlayer
superfluidity and intralayer antiferromagnetism when consid-
ering half-filling case. As shown in Fig. 2, there is a threshold
strength of the interlayer interaction characterized by D =
d2
ta3
to support the emergence of the interlayer superfluidity.
41 3 5
0.75
1.25
1.75
λ/a
D
AF+SF
AF
FIG. 2: Zero-temperature phase diagram as a function of the inter-
layer distance λ
a
and interlayer interaction strength D = d
2
ta3
with a
fixed intralayer interaction strength g
t
= 20 when considering half-
filling case. There is a threshold of interlayer interaction strength
marked by the solid line. Blow that threshold, the antiferromagnetic
Mott state is favored. While above that threshold, the interlayer su-
perfluid emerges and the system evolves into the coexistence of in-
terlayer superfluidity and intralayer antiferromagnetism.
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FIG. 3: The nodal gap structure of interlayer superfluid (showing the
amplitude of superfluid gap ∆↑↑ here) resulting from the influence
of the antiferromagnetic Mott parent within each single layer, where
the interlayer distance λ
a
= 1, interlayer interaction strength D = 3
and other parameters are the same as in Fig. 2.
Below that threshold, the intralayer repulsion will dominate
and the ground state of the bilayer system is in an antifer-
romagnetic state at zero temperature. While by increasing
the interlayer interacting strength and reducing the interlayer
spacing, an interlayer superfluid in which Cooper pairs are
formed via dipolar fermions from different layers will occur
to coexist with the antiferromagneticMott parent. The critical
interlayer interaction strength beyond which the interlayer su-
perfluid emerges for different interlayer distance λ
a
is present
in Fig. 2, which is determined by monitoring the vanishing
of the max value ∆max ≡ max(|∆σ′σ|) of superfluid order
parameter. It is worth to note that an increase of interlayer in-
teraction and a reduction of interlayer distance will make the
emergence of the interlayer superfluid much easier.
Here we would like to emphasize some unique features of
our new scheme to induce the interplay between antiferromag-
netism and superfluidity via the spatially anisotropic interac-
tion among dipolar atoms engineered from a bilayer geomet-
ric configuration. First of all, distinguished from the strongly
correlated electronic materials where it usually requires to
suppress long-range magnetic order to access the coexistence
of the antiferromagnetism and superconductivity like through
doping or adding pressure in cuprate, this new scheme frees
up such a requirement. Second, even when the system is at
half-filling, the coexistence of interlayer superfluidity and in-
tralayer antiferromagnetism can also occur, that has no coun-
terpart in solids. Last but not the least, the intralayer antifer-
romagnetic Mott parent has a fantastic influence on the inter-
layer superfluid. From Eq. (5), we find that the background
antiferromagnetic long-range order within each single layer
effectively reforms the interlayer interaction. Surprisingly, it
leads a special type of the nodal gap structure of interlayer
superfluid as shown in Fig. 3. It is strongly reminiscent of
its counterpart in strongly correlated electronic materials. But
more importantly, dramatically distinguished from solids like
high Tc superconductors, the nodal line here is not along the
Fermi surface as illustrated in Fig. 3, which characterizes one
of the unique features of our new scheme via using the spa-
tially anisotropic interaction to induce the interplay between
antiferromagnetism and superfluidity.
Conclusion — We have demonstrated a new approach to
drive the interplay between antiferromagnetism and super-
fluidity via engineering the spatially anisotropic interaction
through considering special geometry of the system. We have
shown that for the bilayer square optical lattice system with
pseudospin-1/2 dipolar fermions, even for the half-filled case
within each single layer, the interlayer dipole-dipole interac-
tion can lead the coexistence of the intralayer antiferromag-
netism and interlayer superfluidity. Surprisingly, the back-
ground antiferromagnetic long-range order within each single
layer leads a special type of the nodal gap structure of inter-
layer superfluid, which captures one of the new features of
this scheme. This approach would complement with a new
window in cold gases to realize and furthermore to control the
interplay between magnetism and superfluidity.
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